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Convergence of Markov chain transition
probabilities
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∗
Dominik Schindler
†
Consider a discrete time Markov chain with rather general state space which has
an invariant probability measure µ. There are several sufficient conditions in the
literature which guarantee convergence of all or µ-almost all transition probabilities
to µ in the total variation (TV) metric: irreducibility plus aperiodicity, equivalence
properties of transition probabilities, or coupling properties. In this work, we review
and improve some of these criteria in such a way that they become necessary and
sufficient for TV convergence of all respectively µ-almost all transition probabilities.
In addition, we discuss so-called generalized couplings.
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1. Introduction
It is a classical result that all transition probabilities of a discrete time Markov chain with
invariant probability measure (ipm) µ on a rather general state space E converge to µ in the
total variation metric provided that the chain is recurrent and aperiodic ([10]). Further, Doob’s
theorem states that under appropriate additional conditions, ultimate equivalence of every pair
of transition probabilities implies the same result (see [3, Theorem 4.2.1] or [8]). Finally the
existence of couplings of chains starting at different initial conditions entails total variation
convergence to µ. The goal of this paper is to modify the sufficient conditions in the literature
in such a way that they become equivalent. It will turn out, for example, that asymptotic
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equivalence of transition probabilities (which seems to be a new concept) is equivalent to total
variation convergence of all transition probabilities. It is also of interest to find weaker conditions
which only imply total variation convergence of the transition probabilities starting from µ almost
every x P E. Again we will provide necessary and sufficient conditions similar to those described
above. We will also address a convergence property strictly between these two and again we
will provide necessary and sufficient conditions. Apart from couplings we will also formulate
equivalent conditions in terms of generalized couplings for each of the convergence properties.
Throughout this paper pE, Eq denotes a measurable space for which E is countably generated
and the diagonal ∆ :“ tpx, xq : x P Eu is in EbE (or, equivalently, E is countably generated and
separates points or, equivalently, E is countably generated and all singletons are in E (see [4, p.
116]). Let P be a Markov kernel on E and denote the corresponding n-step transition probability
by Pnp., .q, n P N0. Px denotes the law of the Markov chain starting at x P E. Note that Px
is a probability measure on pEN0 , EbN0q. We will often identify a Markov chain and its Markov
kernel P and denote the corresponding Markov chain by X. We denote the total variation metric
on the space of probability measures on pE, Eq by d, i.e. dpν1, ν2q :“ supAPE |ν1pAq ´ ν2pAq|. We
say that Pnpx, .q converges to a probability measure µ on pE, Eq if Pnpx, .q converges to µ in the
total variation metric as n Ñ 8. Throughout the paper we will assume that P admits an ipm
µ (but we will not assume uniqueness of µ). From now on, the letter µ will always denote an
invariant probability measure of the Markov chain X associated to P .
Let ν1 and ν2 be measures on the same measurable space pE¯, E¯q. Then we say (as usual) that ν1
is absolutely continuous with respect to ν2 (notation ν1 ! ν2) if A P E¯ with ν2pAq “ 0 implies
ν1pAq “ 0, and that ν1 and ν2 are equivalent (denoted ν1 „ ν2) if they are mutually absolutely
continuous. Further we write ν1 M ν2 if ν1 and ν2 are non-singular, i.e. there does not exist a
set A P E¯ such that ν1pAq “ 0 and ν2pAcq “ 0. Any measure ξ on pE¯ˆ E¯, E¯ b E¯q with marginals
ν1 and ν2 is called a coupling of ν1 and ν2. We write ξ P Cpν1, ν2q. Recall the coupling equality:
for probability measures ν1 and ν2 on pE¯, E¯q, we have dpν1, ν2q “ inftξp∆q : ξ P Cpν1, ν2qu ([7,
Theorem 2.2.2]). We will call a pair pX,Y q of E¯-valued random variables defined on the same
probability space a coupling of the probability measures ν1 and ν2 on pE¯, E¯q, if their joint law is
a coupling of ν1 and ν2. Below we will deal with the cases E¯ :“ E and E¯ :“ EN0 . We will define
the concept of a generalized coupling later. Generalized (asymptotic) couplings are particularly
useful to prove weak convergence of transition probabilities (see [9] and [2]) but (non-asymptotic)
generalized couplings can also be used to establish upper bounds on the total variation distance
of transition probabilities (see [5, Proof of Theorem 1.1]).
We will formulate all results in the discrete-time set-up. This is essentially without loss of
generality. Indeed, assume that µ is an invariant probability measure of an E-valued continuous-
time Markov process. Then µ is also an ipm of the associated skeleton chain sampled at times
0, h, 2h, ... and for each x P E total variation convergence of Pnhpx, .q to µ (as nÑ8) for some
h ą 0 is equivalent to total variation convergence of Ptpx, .q to µ since t ÞÑ d
`
Ptpx, .q, µ
˘
is
non-increasing.
Once one has established convergence of all or almost all transition probabilities then it is natural
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to ask for the speed of convergence. A large number of papers have been devoted to these
questions, for example [6], [12] and [7]. We will however, not touch these questions here.
At some point we will need a stronger condition on the measurable space pE, Eq: as usual, we
say that pE, Eq is a Borel space if it is isomorphic (as a measurable space) to a Borel subset of
r0, 1s. In particular, this holds for a complete, separable metric space E equipped with its Borel
σ-field E .
2. Necessary and sufficient conditions for total variation
convergence
Let
`
Xn
˘
nPN0
be a Markov chain with transition kernel P , ipm µ and state space pE, Eq as in
the introduction. We adopt the following notation (cf. [10]).
Notation 2.1. For x P E, A P E ,
Qpx,Aq :“Px
` 
Xn P A for infinitely many n P N
(˘
,
Lpx,Aq :“Px
´ 8ď
n“1
 
Xn P A
(¯
.
We start by defining three properties of increasing generality which we will be interested in.
Properties 2.2. We say that
• Property P1 holds if Pnpx, .q converges to µ for every x P E.
• Property P2 holds if Pnpx, .q converges to µ for µ-almost all x P E and
limnÑ8 dpPnpx, .q, µq ă 1 for all x P E.
• Property P3 holds if Pnpx, .q converges to µ for µ-almost all x P E.
Remark 2.3. Note that Properties P1 and P2 both imply uniqueness of µ (we will show the
latter claim in Remark 5.1). Note also that limnÑ8 dpPnpx, .q, µq always exists since µ is invariant
and the total variation distance can never increase when applying a measurable map. Therefore,
we could replace “ limnÑ8 dpPnpx, .q, µq ă 1 for all x P E” in P2 by “for each x there exists some
n P N0 such that dpPnpx, .q, µq ă 1” without changing the class of chains for which P2 holds.
One might also be interested in a modification P˜2 of Property P2 in which the last property
limnÑ8 dpPnpx, .q, µq ă 1 for all x P E is replaced by uniqueness of µ. Clearly, P2 is stronger
than P˜2 and it is easy to see that it is strictly stronger. Property P˜2 was studied in [8], for
example, but P2 is more closely related to conditions studied in the literature. We will see, in
particular, that the assumptions of [8, Corollary 1] do not only imply P˜2 but even P2. Example
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5.2 shows that one cannot delete the first part of property P2 without changing the class of
chains for which it holds.
We will define four sets of assumptions, one in terms of equivalence or non-singularity of transition
probabilities, one in terms of aperiodicity and recurrence or irreducibility properties, one in terms
of couplings and one in terms of generalized couplings. It will turn out that all assumption with
index i, i P t1, 2, 3u, not only imply property Pi but are also necessary for Pi to hold. In
some cases we formulate conditions with an additional prime (or some other symbol) which will
formally be stronger than the same condition without prime but which will in fact turn out to
be equivalent (at least when the state space is Borel). Before we state various assumptions we
define the (possibly new) concept of asymptotic equivalence of transition probabilities.
Definition 2.4. We say that the states x P E and y P E are asymptotically equivalent if for each
ε ą 0 there exists some n P N and a set A P E such that Pnpx,Aq ě 1´ ε, Pnpy,Aq ě 1´ ε, and
the measures Pnpx, .q and Pnpy, .q restricted to the set A are equivalent.
Remark 2.5. Note that if for given x, y P E, ε ą 0 and n P N there exists a set A as in the
previous definition, then there exists a set A¯ as in the previous definition (with the same ε) if
n is replaced by n ` 1 (and, by iteration, the same holds for all integers larger than n). This
implies, in particular, that asymptotic equivalence induces an equivalence relation on E.
Assumptions 2.6. We say that
• Assumption A1 holds if all pairs px, yq P E ˆ E are asymptotically equivalent.
• Assumption A2 holds if for all px, yq P E ˆ E there exists some n “ nx,y P N such that
Pnpx, .q M Pnpy, .q.
• Assumption A3 holds if for µb µ-almost all px, yq P E ˆE there exists some n “ nx,y P N
such that Pnpx, .q M Pnpy, .q.
• Assumption A1
3
holds if µb µ-almost all px, yq P E ˆ E are asymptotically equivalent.
Lemma A.7 states that the set of all px, yq P E ˆ E which are asymptotically equivalent is a
measurable subset of pE ˆ E, E b Eq.
Remark 2.7. Obviously, Property P1 implies that any two states x, y are asymptotically equiv-
alent (i.e. A1 holds) while the simple Example 5.3 shows that it does not imply the stronger
property “for all x, y P E there exists some n “ nx,y P N0 such that Pnpx, .q „ Pnpy, .q” under
which P1 was shown in [8, Theorem 1].
Before we state the second set of assumptions, we define the concepts of aperiodicity, irreducibility
and the Harris property for a Markov kernel P with invariant measure µ.
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Definition 2.8. [12, p. 32] The Markov kernel P (with invariant probability measure µ) is called
d-periodic, if d ě 2, and there are disjoint sets E1, E2, ..., Ed P E with µpE1q ą 0 that fulfill
P px,Ei`1pmod dqq “ 1 @x P Ei, 1 ď i ď d. (1)
The chain is called aperiodic if no such d ě 2 exists.
Definition 2.9. The Markov kernel P is called φ-irreducible if φ is a non-trivial σ-finite measure
on pE, Eq such that for all A P E with φpAq ą 0 and all x P E we have Lpx,Aq ą 0 (or,
equivalently, there exists some n “ npx,Aq P N such that Pnpx,Aq ą 0). P is called irreducible
if P is φ-irreducible for some non-trivial φ. We say that P is weakly irreducible (with respect to
the given ipm µ) if there exists some non-trivial σ-finite measure φ on pE, Eq and a set E0 P E
satisfying µpE0q “ 1 such that for every x P E0 and every A P E with φpAq ą 0 we have
Lpx,Aq ą 0.
Remark 2.10. It is straightforward to check that if φ is as in the definition (either part),
then φ ! µ. Further, if P is (weakly) µ-irreducible then P is (weakly) φ-irreducible for every
non-trivial σ-finite measure on pE, Eq satisfying φ ! µ. We will show in Proposition A.1 the
less obvious fact that (φ-)irreducibility implies µ-irreducibility (which, in the terminology of [10,
Proposition 4.2.2], means that µ is the maximal irreducibility measure). We will use Proposition
A.1 only in the proof of Theorem 2.17.
Definition 2.11. [10, p. 199] P or the associated Markov chain X are called Harris (or Harris
recurrent), if there exists a non-trivial σ-finite measure φ on pE, Eq such that for all A P E with
φpAq ą 0 and all x P E we have Qpx,Aq “ 1 (or, equivalently, Lpx,Aq “ 1 for all x P E and
A P E with φpAq ą 0).
Assumptions 2.12. We say that
• Assumption B1 holds if P is aperiodic and Harris.
• Assumption B2 holds if P is aperiodic and irreducible.
• Assumption B3 holds if P is aperiodic and weakly irreducible.
Note that Harris recurrence implies irreducibility, so B1 implies B2.
Let MpE¯q be the set of all probability measures on the measurable space pE¯, E¯q. For ξ P
MpE¯ ˆ E¯q, we denote the i-th marginal by ξi, i P t1, 2u. If pE¯, E¯q “ pEN0 , E¯N0q, then we denote
the projection of ξ resp. ξi onto the k-th coordinate by ξk resp. ξik, k P N0, i P t1, 2u.
Assumptions 2.13. We say that
• Assumption C1 holds if for each x, y P E and m P N there exists some km P N0 and a
coupling ζrms P CpPkmpx, .q, Pkmpy, .qq such that ζrmsp∆q ě 1´
1
m
.
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• Assumption Cˆ1 holds if for each x, y P E and m P N there exists a coupling ζrms P
CpPmpx, .q, Pmpy, .qq such that limmÑ8 ζrmsp∆q “ 1.
• Assumption C˚1 holds if for each x, y P E there exists a coupling ξ P CpPx,Pyq such that
limmÑ8 ξmp∆q “ 1.
• Assumption C1
1
holds if for each x, y P E there exists a coupling pXkqkPN0 , pYkqkPN0 of Px
and Py on some space pΩ,F ,Pq such that limnÑ8 P
`
Xk “ Yk for all k ě n
˘
“ 1.
• Assumption C2 holds if for all x, y P E there exists some k P N0 and a coupling ζ P
CpPkpx, .q, Pkpy, .qq such that ζp∆q ą 0.
• Assumption C1
2
holds if for each x, y P E there exists a coupling pXkqkPN0 , pYkqkPN0 of Px
and Py on some space pΩ,F ,Pq such that lim infnÑ8 P
`
Xk “ Yk for all k ě n
˘
ą 0 and
for µb µ-almost every px, yq P E ˆE there exists a coupling pXkqkPN0 , pYkqkPN0 of Px and
Py on some space pΩ,F ,Pq such that limnÑ8 P
`
Xk “ Yk for all k ě n
˘
“ 1.
• Assumption C3 holds if for µbµ-almost every px, yq P EˆE there exists some k P N0 and
a coupling ζ P CpPkpx, .q, Pkpy, .qq such that ζp∆q ą 0.
• Assumption C1
3
holds if for µ b µ-almost every px, yq P E ˆ E there exists a coupling
pXkqkPN0 , pYkqkPN0 of Px and Py on some space pΩ,F ,Pq such that limnÑ8 P
`
Xk “
Yk for all k ě n
˘
“ 1.
We chose Condition Ci such that it is as weak as possible and C1i such that it is as strong as
possible subject to the requirement that both are equivalent to all other conditions with the
same index i (in case the state space is Borel). Note that there are several natural conditions in
between Ci and C1i (i “ 1, 2, 3) for which there is no need to state them, since they will all turn
out to be equivalent (at least in the Borel case). Finally, we define the concept of a generalized
coupling.
Definition 2.14. For probability measures ν1 and ν2 on pE¯, E¯q, define
• C˜pν1, ν2q :“
 
ξ PMpE¯ ˆ E¯q : ξ1 ! ν1, ξ
2 ! ν2
(
,
• Cˇpν1, ν2q :“
 
ξ PMpE¯ ˆ E¯q : ξ1 ! ν1, ξ
2 „ ν2
(
.
Assumptions 2.15. We say that
• Assumption G1 holds if for each pair px, yq P E ˆ E there exists some ξ P CˇpPx,Pyq such
that limkÑ8 ξkp∆q “ 1,
• Assumption G2 holds if for each pair px, yq P E ˆ E there exists some k P N and ζ P
C˜pPkpx, .q, Pkpy, .qq such that ζp∆q ą 0.
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• Assumption G3 holds if for µb µ-almost every px, yq P E ˆE there exists some k P N and
ζ P C˜pPkpx, .q, Pkpy, .qq such that ζp∆q ą 0.
If we change “ą 0” in G2 to ““ 1”, then the resulting condition is not equivalent to G1 (see
Example 5.4).
Theorem 2.16. A1, B1, C1, Cˆ1, and P1 are equivalent and C
1
1
ñ C˚1 ñ G1 ñ A1. If pE, Eq is
Borel, then all these conditions are equivalent.
Theorem 2.17. A2, B2, C2, G2, and P2 are equivalent and are implied by C
1
2
. If pE, Eq is
Borel, then each of the equivalent conditions implies C1
2
.
Theorem 2.18. A3, A
1
3
, B3, C3, G3, and P3 are equivalent and are implied by C
1
3
. If pE, Eq is
Borel, then each of the equivalent conditions implies C1
3
.
Remark 2.19. We do not know if the equivalence of all conditions with the same index holds
even under our general conditions on the space pE, Eq. We will comment on this in Remark 5.8.
3. First results and the proof of Theorem 2.16
Let us first state those implications in the theorems which are obvious from the definitions or
are well-known.
Proposition 3.1. We have
a) B1 ñ P1,
b) C1
1
ñ C˚1 ñ G1, P1 ñ Cˆ1 ñ C1 ñ A1,
c) C1
2
ñ C2 ñ G2 ñ A2, P2 ñ A2 ô C2,
d) P3 ñ A
1
3
ñ A3, C
1
3
ñ C3 ô A3, and C3 ñ G3 ñ A3.
Proof. Statement a) is a classical result and a proof can be found for example in [10, p. 328]. The
remaining implications are either obvious or easy consequences of the coupling equality stated
in the introduction.
We continue by providing a slightly generalized version of the Recurrence Lemma from [8, Lemma
2] that will turn out to be useful later.
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Lemma 3.2 (Recurrence Lemma). Assume that P satisfies Assumption A3. Then for any B P E
with µpBq ą 0, for µ-almost every x P E
Qpx,Bq “ 1. (2)
If, moreover, P satisfies Assumption A2, then
Qpx,Bq ą 0
holds for every x P E.
If, moreover, P satisfies Assumption A1, then (2) holds for every x P E.
Proof. For B P E with µpBq ą 0 define ψpxq :“ Qpx,Bq “ PxpXk P B infinitely often), x P E.
Starting X0 with law µ, we see that ψpXnq, n P N0 is both stationary and a (bounded) martingale
which converges to 1}}tXkPB i.o.u almost surely which implies ψpxq P t0, 1u for µ-almost all x P E.
Let Ψi “ tx : ψpxq “ iu, i P t0, 1u. Then, by the martingale property, Pnpx,Ψiq “ 1 for all
n P N0 and for µ-almost all x P Ψi, i P t0, 1u. If A3 holds, then (at least) one of the sets
Ψ0, Ψ1 has µ-measure zero. Since µpBq ą 0, Birkhoff’s ergodic theorem implies µ
`
Ψ1
˘
ą 0, so
µ
`
Ψ0
˘
“ 0 and µ
`
Ψ1
˘
“ 1, finishing the proof of the first statement.
Let Assumption A2 hold and fix x P E. Since Pnpy,Ψ1q “ 1 for µ-almost all y and all n P N0,
there exists some y0 P E such that Pnpy0,Ψ1q “ 1 for all n P N0. Now A2 applied to x and y0
shows that there exists some n P N such that Pnpx,Ψ1q ą 0, finishing the proof of the second
claim.
Let Assumption A1 hold and fix x P E. As above, there exists some y0 P E such that Pnpy0,Ψ1q “
1 for all n P N0. Now A1 applied to x and y0 shows that limnÑ8 Pnpx,Ψ1q “ 1, so x P Ψ1 and
therefore (2) holds.
Proposition 3.3. A Markov kernel P which satisfies Assumption A3 is aperiodic.
Proof. Suppose P has period d ě 2, and let E1, E2, ..., Ed be as in Definition 2.8. Then µpEiq ą 0
for i “ 1, 2, ..., d. Choose x P E1, y P E2, and n P N arbitrarily. Then Pnpx,En`1pmod dqq “ 1 and
Pnpy,En`2pmod dqq “ 1 and therefore Pnpx, ¨q K Pnpy, ¨q. This contradicts Assumption A3 since
pµb µqpE1 ˆE2q ą 0.
Corollary 3.4. A1 ñ B1, A2 ñ B2, and A
1
3
ñ B3.
Proof. Lemma 3.2, Proposition 3.3 and Remark 2.10 immediately imply the first two implica-
tions (with φ :“ µ) but not the last one since the conclusion of the Recurrence Lemma under
the assumption A3 (or the stronger assumption A13) is weaker than weak irreducibility (the ex-
ceptional sets of µ-measure 0 may depend on the set B and there may be uncountably many
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such sets). Therefore, we argue as follows: for x P E, let Rx :“ ty P E : x, y are as. equiv.u.
Assumption A1
3
and Lemma A.7 imply that Rx P E and µpRxq “ 1 for µ-a.a. x P E. Fix x P E
such that µpRxq “ 1. Since asymptotic equivalence is an equivalence relation by Remark 2.5, it
follows that property A1 holds on Rx. Using Lemma A.4, we see that B1 holds on Rx and hence
B3 holds on E.
Before we step into the proofs of Theorems 2.16, 2.17, and 2.18, we sketch how one can see
that Ai implies C1i for i P t1, 2, 3u. The proofs are largely identical to those in [8] where the
implications A˜1 ñ P1, A2 ñ P˜2, and A3 ñ P3 were shown (with A˜1 slightly stronger than A1
and P˜2 slightly weaker than P2 and without the assumptions that the state space is Borel). We
will need the Borel property only at the end of the proof when we apply the gluing lemma.
Proposition 3.5. We have
A3 ñ P3.
Further, if pE, Eq is Borel, then
A1 ñ C
1
1,A2 ñ C
1
2, and A3 ñ C
1
3.
Idea of the proof. Under A3, we define for N P N and p P p0, 1q
CN,p :“
 
px, yq P E ˆ E : d
`
PN px, .q, PN py, .q
˘
ď 1´ p
(
.
CN,p P E b E by Proposition A.6 and Assumption A3 implies µ b µpCN,pq ą 0 for some N and
p. Fix N and p and write C :“ CN,p. Let us first assume that N “ 1 (this is without loss of
generality for proving A3 ñ P3 but not without loss of generality for proving A3 ñ C13). In [8],
the authors proceed by constructing a Markov chain Zn, n P N0 on the product space E ˆ E,
which is a coupling of two chains with Markov kernel P with transition kernel S defined as
S
`
px, yq, .
˘
:“
"
Q
`
px, yq, .
˘
if px, yq P C
R
`
px, yq, .
˘
otherwise.
Here, R
`
px, yq, .
˘
is the product of P
`
x, .
˘
and P
`
y, .
˘
and the kernel Q satisfies Q
`
px, yq,∆
˘
“
1 ´ d
`
P px, .q, P py, .q
˘
and Q
`
px, yq, .
˘
restricted to pE ˆ Eqz∆ is absolutely continuous with
repect to the product of P
`
x, .
˘
and P
`
y, .
˘
(the fact that such a kernel Q exists is stated in [8,
Lemma 1]). The idea behind the definition of the kernel S is the following: whenever the chain
on E ˆ E is in a state px, yq P C, then we try to couple the two coordinates in the next step
by applying Q which maximizes the coupling probability. Otherwise, we let the two coordinates
move independently until the pair hits the set C. As soon as the chain Z hits the diagonal ∆
it remains in that state forever. It remains to ensure that the set C is hit infinitely many times
and therefore the process Zn will almost surely eventually hit ∆. The fact that pZnq will hit the
set C almost surely in finite time can be seen as follows: consider an independent coupling pWnq
of two copies of the chain. Since µ b µpCq ą 0, the Recurrence Lemma shows that pWnq will
hit the set C almost surely in finite time for almost all initial conditions and even for all initial
conditions if we assume A1. Since, up to the first hitting time of the set C, the processes W and
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Z have the same law, pZnq will also hit the set C almost surely in finite time. If the coupling
attempt at that time is unsuccessful, then the chain Z again performs an independent coupling
up to the next hit of C, which, by the same argument (and the strong Markov property and
the assumptions on the kernel Q), is an almost sure event. The constructed coupling therefore
shows that C1
1
holds under A1 and both C13 and P3 hold under A3. Further, under A2, for any
pair x, y P E the probability that the constructed coupling is successful, is strictly positive by
the second part of the Recurrence Lemma, so C1
2
holds. This proves the claims in case N in the
definition of the set CN,p can be chosen to be 1.
Finally, we assume that N ě 2. The first claim follows from the case N “ 1 since n ÞÑ
dpPnpx, .q, µq is non-increasing. To see the remaining claims, we apply the previous consideration
to the skeleton chain evaluated at integer multiples of N and obtain corresponding couplings
ZnN “ pXnN , YnN q, n P N0 for the skeleton chains as above. We have to make sure that
these can be appropriately interpolated between successive multiples of N . This follows from
an application of the gluing lemma in the appendix (which requires the state space to be Borel)
to each gap between successive multiples of N (with conditionally independent interpolations),
see [12, p.43] for a similar construction (it seems that the authors forgot to mention that this
construction requires the space to be Borel, see Remark 5.8).
Proof of Theorem 2.16. Observing Proposition 3.1, Corollary 3.4 and Proposition 3.5 the claim
follows once we prove that G1 ñ A1.
G1 ñ A1: Fix a pair px, yq P E ˆ E. We show that x and y are asymptotically equivalent. Fix
ε ą 0. By assumption there exists some ξ P CˇpPx,Pyq such that limkÑ8 ξkp∆q “ 1. Since ξ2
and Py are equivalent, we can find some δ ą 0 such that for every Γ P EbN0 satisfying ξ2pΓq ă δ,
we have PypΓq ă ε. Let n0 P N0 be such that ξkp∆q ą 1 ´ δ for every k ě n0. Then, for B P E
and n ě n0,
Pnpx,Bq “ 0 ñ ξ
1
npBq “ 0 ñ ξ
2
npBq ă δ ñ Pnpy,Bq ă ε,
where we used absolute continuity of ξ1n with respect to Pnpx, .q in the first step. Reversing the
roles of x and y we get Pnpy,Bq “ 0 ñ Pnpx,Bq ă ε for all n ě n1. Fix n ě n0 _ n1 and let
B0 P E be a set which maximizes Pnpy,Bq among all sets B P E which satisfy Pnpx,Bq “ 0 and
let C0 P E be a set which maximizes Pnpx,Cq among all sets C P E which satisfy Pnpy,Cq “ 0.
Define A :“ EzpB0YC0q. Then Pnpx,Aq ě 1´ε, Pnpy,Aq ě 1´ε and the restrictions of Pnpx, .q
and Pnpx, .q to A are equivalent. The claim follows since ε ą 0 was arbitrary.
4. Proofs of Theorems 2.17 and 2.18
Proof of Theorem 2.17. Thanks to Proposition 3.1, Corollary 3.4 and Proposition 3.5, the theo-
rem is proved once we establish B2 ñ P2. Rather than adapting the proof of B1 ñ P1 we prefer
to argue along the following lines: if B2 holds, then we show that there exists an invariant set
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E0 Ă E (i.e. E0 P E and P px,E0q “ 1 for all x P E0) of full µ-measure on which B1 holds and
hence, by Theorem 2.16, P1 holds. Then we show that P2 holds on the full space E.
B2 ñ P2: We are not aware of a simple direct proof that there exists a subset of full µ-measure
on which B1 holds. Even though (µ-)irreducibility implies that Qpx,Bq “ 1 for every B P E for
which µpBq ą 0 and µ-almost every x P E, the exceptional sets may depend on B and there are
(typically) uncountably many such sets B.
Since P is irreducible, Proposition A.2 shows that there exists a small set C P E (with ν and m
as stated there). We can and will assume that νpEzCq “ 0. Define G :“ tx P E : Qpx,Cq “ 1u.
Then G P E , G is invariant, and µpGq “ 1. We claim that property B1 holds on G. All we have
to show is that Qpx,Bq “ 1 for all x P GX C and all B P E such that µpBq ą 0. Fix such a set
B and let H :“ tx P G X C : Qpx,Bq “ 1u. Then µpHq “ µpCq ą 0 and for x P H we have
Pmpx,Hq “ Pmpx,Cq ě νpCq ą 0. Assume that y P G X C satisfies Qpy,Bq ă 1 (i.e. y R H).
Then, Pmpy,Hq ě νpHq “ νpCq (since 0 “ Pmpx,CzHq ě νpCzHq for x P H). This means
that, whenever the chain is in the set pC XGqzH, then with probability at least νpCq ą 0 it will
hit the set H after m steps. Since the chain starting at y P G XG visits C XG infinitely often
(almost surely), it follows that Lpy,Hq “ 1, contradicting our assumption on y. Using Lemma
A.4, G equipped with the trace σ-field satisfies our assumption on the state space and we see
that property B1 holds on G.
Theorem 2.16 shows that property P1 holds on G. Then, clearly, property P3 holds on E. Since
P is irreducible, we have Lpx,Gq ą 0 and hence limnÑ8 dpPnpx, .q, µq ă 1 for every x P E and
therefore P2 holds on E.
Proof of Theorem 2.18. By Proposition 3.1, Corollary 3.4 and Proposition 3.5 it suffices to show
that B3 ñ P3.
B3 ñ P3: We can argue like in the proof of B2 ñ P2 (the present argument is even easier).
Using the very definition of weak irreducibility, we find an invariant set E0 of full µ-measure on
which B2 and hence, using Theorem 2.17, P2 hold. Therefore, P3 holds on E.
5. Complements, examples, and open problems
Remark 5.1. We show that Property P2 implies uniqueness of µ (as claimed in Remark 2.3):
assume that µ and µ˜ are different ipm’s and let µˆ :“ 1
2
`
µ` µ˜
˘
. Since P2 ô A2 and property A2
is independent of the chosen ipm, we see that P2 holds with respect to both µ and µˆ, so Pnpx, .q
converges to µ for µ-almost all x and to µˆ for µˆ-almost all x. Since µˆ ! µ and µˆ ‰ µ this is a
contradiction (this proof is adapted from [8, Proof of Corollary 1]).
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Example 5.2. Let E :“ t0, 1u and P p0, t1uq “ P p1, t0uq “ 1. Then the unique invariant
probability measure µ is given by µpt0uq “ µpt1uq “ 1{2. For this example, the second part of
property P2 holds but the first part doesn’t, so the first part of P2 cannot be deleted without
changing the class of chains for which P2 holds.
Example 5.3. Let E :“ N0 with the discrete σ-field E . Define P px, tx ´ 1uq “ 1 for x ě 2,
P p1, t1uq “ 1 and P p0, txuq “ 2´x for x P N. Clearly all transition probabilities converge to
µ “ δ1 but Pnp0, .q and Pnp1, .q are non-equivalent for every n P N (but the states 0 and 1 are
asymptotically equivalent).
Example 5.4. (cf. [9, Example 5].) Let E :“ N0 with the discrete σ-field E . Define P p0, t0uq “ 1
and P px, tx´1uq “ 1{3 and P px, tx`1uq “ 2{3 for x P N. Clearly, µ “ δ0 is the unique invariant
probability measure and Pnpx, .q does not converge to µ if x ą 0, so P satisfies P2 but not P1.
Note that for each x, y P E and k ě x ^ y, ζ :“ δ0 b δ0 satisfies ζ P C˜pPkpx, .q, Pkpy, .qq and
ζp∆q “ 1, showing that if “ą 0” in Assumption G2 is replaced by ““ 1”, then the condition does
not imply G1.
Remark 5.5. Note that Assumption G1 is formally weaker than requiring that for each pair
px, yq P E ˆ E there exists some ξ P C˜pPx,Pyq such that ξ1 „ Px and ξ2 „ Py, but these two
conditions are in fact equivalent: according to G1 we find, for each pair px, yq, some ξˇ P CˇpPx,Pyq
such that limkÑ8 ξˇkp∆q “ 1 and some ξˆ P CˇpPy,Pxq such that limkÑ8 ξˆkp∆q “ 1. Then
ξ :“ 1
2
ξˇ ` 1
2
ξˆ satisfies the formally stronger condition.
Remark 5.6. One may ask whether it is sufficient for P1 to hold if for each pair px, yq P E ˆE
and each k P N0 there exists some probability measure ζk on pEˆE, E bEq whose marginals are
equivalent to Pnpx, .q and Pnpy, .q respectively, such that limnÑ8 ζkp∆q “ 1. Again, Example
5.4 provides a negative answer. Consider ξ as in the previous example. Then limkÑ8 ξkp∆q ě
limkÑ8 ξkptp0, 0quq “ 1. Note that the marginals of the measures ξk are equivalent to Pkpx, .q
and Pkpy, .q respectively but that ξ1 and ξ2 are not equivalent to Px respectively Py.
Remark 5.7. From Theorem 2.16 we know that C1 ñ P1 holds since C1 ñ A1 ñ B1 ñ P1.
Here we present an essentially well-known direct proof. For x P E, n P N, and A P E we have
|µpAq ´ Pnpx,Aq| “
ˇˇˇ ż
E
Pnpy,Aqdµpyq ´ Pnpx,Aq
ˇˇˇ
“
ˇˇˇ ż
E
´
Pnpy,Aq ´ Pnpx,Aq
¯
dµpyq
ˇˇˇ
ď
ż
E
ˇˇˇ
Pnpy,Aq ´ Pnpx,Aq
ˇˇˇ
dµpyq ď
ż
E
d
´
Pnpy, .q, Pnpx, .q
¯
dµpyq
which converges to 0 by dominated convergence (note that Proposition A.6 shows that the last
integrand is measurable with respect to y), so the claim follows.
In fact, a slight modification of the proof shows the result without employing Proposition A.6
(and without assuming that E is countably generated):
fix x and let Rnpy,Aq :“
ˇˇˇ
Pnpy,Aq ´ Pnpx,Aq
ˇˇˇ
, n P N. There exist sets An P E such that
Un :“ sup
APE
´ż
E
Rnpy,Aqdµpyq
¯
ď
ż
E
Rnpy,Anqdµpyq ` 2
´n,
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which converges to 0 as nÑ8 by dominated convergence.
Remark 5.8. It seems to be an open question whether all properties stated in Theorem 2.16
are equivalent even in the case in which pE, Eq is not Borel (and similarly for Theorems 2.17 and
2.18). The present proof which is based on the gluing lemma A.3 can not be applied in this case:
[1] contains an example of a separable and metric space equipped with its Borel σ-field for which
the conclusion in the gluing lemma fails.
A. Auxiliary results and measurability issues
A.1. µ-irreducibility and the existence of small sets
We start with a proposition which was announced in Remark 2.10 and whose proof is inspired
by that of [10, Proposition 4.2.2].
Proposition A.1. If P is φ-irreducible, then P is µ-irreducible.
Proof. Let P be φ-irreducible. Then φ ! µ (see Remark 2.10) and, due to Lebesgue’s theorem,
there exists a set B P E such that φ and µ restricted to B are equivalent and φpBcq “ 0. Note
that µpBq ą 0. If µpBcq “ 0, then φ „ µ and we are done, so we assume that µpBcq ą 0. We
have to show that for any measurable set C Ă Bc such that µpCq ą 0 we have Lpx,Cq ą 0 for
every x P E. Fix such x and C and define the measure
νp.q :“
ż
B
8ÿ
m“1
2´mPmpy, .qdµpyq.
Invariance of µ implies ν ! µ and that the restriction of both measures to B are equivalent. Let
G P E be a set such that ν „ µ on G, νpGcq “ 0 and B Ă G.
First, we assume that µpGcq ą 0. Let m0 P N be such that
ş
Gc
Pm0py,Gqdµpyq ą 0 (such an m0
exists since P is φ-irreducible). Using invariance of µ, we obtain
ż
G
Pm0py,G
cqdµpyq “
ż
Gc
Pm0py,Gqdµpyq ą 0.
Therefore, there exists some ε1 ą 0 such that for D :“ ty P G : Pm0py,G
cq ě ε1u, we
have µpDq ą 0 and hence νpDq ą 0, which means that there exists some m1 P N such thatş
B
Pm1py,Dqdµpyq ą 0.
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Therefore,
νpGcq ě
ż
B
2´m0´m1Pm0`m1py,G
cqdµpyq
ě 2´m0´m1
ż
B
ż
D
Pm0pz,G
cqPm1py,dzqdµpyq
ě 2´m0´m1ε1
ż
B
Pm1py,Dqdµpyq ą 0,
contradicting the definition of G, so µpGcq “ 0.
In this case µ „ ν and so νpCq ą 0 which implies that there exist some ε2 ą 0 and m2 P N such
that D˜ :“ ty P B : Pm2py,Cq ě ε2u satisfies µpD˜q ą 0. φ-irreducibility and the definition of the
set B imply Lpx, D˜q ą 0, which, together with the definition of D˜, implies Lpx,Cq ą 0, so the
proof of the proposition is complete.
The following proposition is an easy consequence of the rather deep Theorem 5.2.2 in [10] (which
is a key step in the proof of B1 ñ P1 (in our notation)) and of the (not so deep) previous
proposition.
Proposition A.2. ([10, Theorem 5.2.2]) Let P be irreducible. Then there exists a small set C,
i.e. a set C P E such that µpCq ą 0 for which there exist a finite measure ν and some m P N
such that νpCq ą 0 and Pmpx,Bq ě νpBq for all x P C and B P E.
Proof. Theorem 5.2.2 in [10] assumes that P is ψ-irreducible where ψ is a maximal irreducibility
measure. By the previous proposition we can take ψ “ µ and therefore the conclusions of [10,
Theorem 5.2.2] and of Proposition A.2 are the same.
A.2. A gluing lemma
A proof of the following gluing lemma can be found in [1, Lemma 4.] (or in [7, Lemma 4.3.2]
under the additional condition that the spaces are standard Borel). The conditions in [1, Lemma
4.] are even slightly weaker than ours.
Lemma A.3. Let pEi, Eiq, i “ 1, 2, 3 be Borel spaces and let ρ1 and ρ3 be probability measures
on pE1ˆE2, E1 b E2q and pE2 ˆE3, E2b E3q respectively such that ρ1pE1ˆBq “ ρ3pB ˆE3q for
all B P E2. Then there exists a probability measure µ on pE1 ˆ E2 ˆ E3, E1 b E2 b E3q such that
µpAˆ E3q “ ρ1pAq for all A P E1 b E2 and µpE1 ˆBq “ ρ3pBq for all B P E2 b E3.
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A.3. Measurability issues
Lemma A.4. Let E˜ P E satisfy µpE˜q “ 1. Then there exists a set Eˆ Ă E˜ in E such that
P px, Eˆq “ 1 for all x P Eˆ and µpEˆq “ 1. Further, for any E˜ P E, E˜ equipped with the trace
σ-field of E satisfies our basic assumptions (countably generated σ-field and measurable diagonal).
Proof. The last statement is clear. To see the first, define E0 :“ E˜ and Ei`1 :“ tx P Ei :
P px,Eiq “ 1u, i P N0. Then Eˆ :“
Ş
iEi does the job.
In the following two statements we assume that pE, Eq satisfies our general assumptions spelled
out in the introduction and that Q and Q˜ are Markov kernels on E.
Lemma A.5. [7, p. 30f.] Let Λpx, y; dzq :“ 1
2
`
Qpx,dzq ` Q˜py,dzq
˘
. There exist measurable
maps f and f˜ such that for each A P E, we have
Qpx,Aq “
ż
A
fpx, y; zqΛpx, y,dzq, Q˜py,Aq “
ż
A
f˜px, y; zqΛpx, y,dzq.
This lemma is used in [7] to prove a result which, in particular, implies the following proposition
(which is not immediate since the supremum of an uncountable family of real-valued measurable
functions need not be measurable).
Proposition A.6. [7, Theorem 2.2.4 (i)] The function
px, yq ÞÑ d
`
Qpx, .q, Q˜py, .q
˘
is measurable.
Lemma A.7. The set of all px, yq P E ˆE for which x and y are asymptotically equivalent is a
measurable subset of pE ˆ E, E b Eq.
Proof. Applying Lemma A.5 with Q “ Q˜ “ Pn we see that there exists a jointly measurable
function fn such that
Pnpx,Aq “
ż
A
fnpx, y; zqΛnpx, y; dzq, Pnpy,Aq “
ż
A
fnpy, x; zqΛnpx, y; dzq,
for all x, y P E (with Λn defined as in Lemma A.5). Defining Anpx, yq :“ tz P E : fnpx, y; zqfnpy, x; zq ą
0u, we see that Anpx, yq P E and that Pnpx, .q and Pnpy, .q restricted to Anpx, yq are equiva-
lent. Further, Anpx, yq is the largest set (up to sets of measure 0 with respect to Λnpx, y; .q)
with this property. Observe that the map px, yq ÞÑ Pnpx,Anpx, yqq “
ş
1Anpx,yqpzqPnpx,dzq
is measurable (by a well-known application of the monotone class theorem) since the inte-
grand is jointly measurable. The claim follows since x and y are asymptotically equivalent
iff limnÑ8 Pnpx,Anpx, yqq “ limnÑ8 Pnpy,Anpx, yqq “ 1.
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